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Abstract

We study the Stiickelberg equation for a relativistic particle
with two spin states S = 1 and .S = 0 in the presence of
an external uniform magnetic field. The particle is described
by an 11-component wave function consisting of a scalar, a
vector, and an antisymmetric tensor. On the solutions of the
equation, the operators of energy, the third projection of the
total angular momentum, and the third projection of the lin-
ear momentum along the direction of the magnetic field are
diagonalized. After separation of variables, a system for 11
radial functions is obtained. Its solution is based on the use of
the Fedorov-Gronsky method, in which all 11 radial functions
are expressed in terms of three main functions. Exact solu-
tions with cylindrical symmetry are constructed. Three series
of energy levels are found.
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Introduction

In the literature, the great interest can be noticed in
studying the Dirac-Kahler field [1,2]; also see [3-10]. This
field describes the complicated boson which contains the
fields with different parities and spins S = 1,5 = 0;
the complete wave function includes the scalar, pseudo-
scalar, vector, pseudovector, and antisymmetric tensor com-
ponents (pseudo-quantities are marked by symbol of tilde):
D P, 0,,P,, D, Inthe frames of the general theory of
relativistic wave equations [16-20], the Dirac-Kahler field de-
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AHHOTaLMA

Uccnepyetca ypaeHenue LlTiokenbbepra ans penatmeuct-
CKOW YacTuLbl C [BYMSI CMIMHOBBIMU COCTOSIHUAMU S = 1
S =0 B NPUCYTCTBUN BHEWHET0 OAHOPORHOI0 MarHUTHOTO Mo-
na. Yactuua onuceiBaetcs 11-KOMNOHEHTHOH BONHOBON (yHK-
LMen, CoCTosWEeNH U3 CKanspa, BEKTOPa U aHTUCMMMETPUUHOIO
TeH3opa. Ha pelieHusax ypaBHeHus auaroHanusupylotcs one-
paTopbl 3Hepruu, TpeTben NPoeKLUK NOSHOro YrNoBOro Mo-
MEHTa W TPeTbeil NMpOoeKLMN NMHENHOro MOMEHTa BRO/b Ha-
npaenexus MaruutHoro nons. lMocne paspenenns nepemeH-
HbIX nonyyeHa cucteMa ang 11 paguanbHbix dyHKumiA. Ee pe-
WeHWe 0CHOBaHO Ha ucnonb3oBaHuu Metoga Gegoposa-poH-
CKOro, B paMKax Kotoporo Bce 11 paguanbHbIX (hyHKLMiA Bbipa-
KaloTCS Yepes TPU OCHOBHble (yHKLUK. [locTpoeHbl ToUHble
pelieHmus ¢ LUAMHAPUYECKoi cummeTpuent. HailpeHol Tpu ce-
PUM YPOBHEIA 3HEPTUM.

KntoueBble cnosa:

YyacTtuua UJTIOKeHbﬁepra, MarHuTHoe none, NpoeKTuBHbIE One-
paTopbl, MeTOR, d)enoposa-FpOHCKoro, TOYHbIE pelleHunq, CBa-
3aHHble COCTOSAHUSA

scribes a particle with a set of spin states: S = 1and .S =0
(see [11-19]).

From this theory, by imposing additional constraints on
the 16 components of the Dirac-Kahler field, we can obtain
the usual theories for scalar and pseudoscalar particles, and
for vector and pseudovector particles:

(2,0,9,,0,0), S=0;

(0,8,0,9,,0), S=0;
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(0707<I)a707 (I)ab)a S = 1;
0,0,0,8,,Py), S=1.

Also the system of equations describing the Stiickelberg par-
ticle is well known [1, 2. In particular, this system can be ob-
tained from the Dirac-Kahler theory by imposing the following
constraints

((I)a 07 (I)aa 07 (Pab)u
(07 (ﬁv 07 é(ﬂ (Pab)a

There are possible two theories, corresponding to different
internal parities of the particle. In this paper the first variant
of the Stiickelberg theory is studied.

We start with the known Stiickelberg tensor system of 11
equations, which is transformed to a matrix form with the use
of the tetrad method [11, 12]. This equation is detailed in cylin-
dric system of coordinates and corresponding tetrad; wherein
we take into account the external uniform magnetic field. We
perform the separation of the variables and derive the sys-
tem of 11 equations in r variable. To resolve this system we
apply the method of Fedorov-Gronskiy [21], which is based on
projective operators referring to the third projection of the
1-dimensional spin matrix. According to this method we can
express all 11 functions through only three ones. We find 3 se-
ries of physically interpretable energy levels, as solutions of
algebraic equations of order 1and 3.

S=0,1;
S=0,1.

1. The basic equation
The initial Stuckelberg system of equations is the follow-
ing
DV, — u¥ =0,
D,V + D"y, — pn¥, =0,
Da\I’b - Db\Ija - ﬂ\I/ab = 07

where D, = 0, + ieA,. The relation of the parameter p to
physical mass of the particle M is given by p = —M. We
use the T1-dimensional wave function in the form

Q= (U; Vg, Uy, Uy, U3; Wy, Vog,
Vo3, a3, U3y, Vi2) = (H, Hy, Ha).
The above system can be presented in the matrix block form
D,G*Hy + uH =0,
A*D,H + K*D,Hy — uH; =0,
DoL*Hy — uHs = 0,
or (note the minus sign in front of G%)

(7D(1Fa - M)q) = 07

0 —-G* 0 H
r“=(A* o0 Ke*|, o=H/ |, 0
0 L* 0 Hy
where
A =(1,0,0,0)t, A'=(0,1,0,0)",

A% =(0,0,1,0)", A%=(0,0,0,1)",
0 0 0 000
o _[-1 0 0 000
K_0—10000’
0 0 -1 000
-1 00 0 0 O
1 [0 000 0 0
K_OOOO()l’
0 000 —-10
0 -1.0 00 O
> [0 0 00 0 -1
K_OOOOOO’
0 0 010 O
00 -1 0 00
3 00 0 0 10
K*OOO—IOO’
00 0 0 00O
01 00
0 010
o |0 0 01
L_OOOO’
0 0 0O
0 0 0O
-1 00 O
0 00 O
1 0 00 O
=10 00 o
0 0 0 -1
0 01 O
0 0 0O
-1 0 00
2 0 0 0O
L_O 0 0 1}
0 0 0O
0 -1 00
0 0 0 O
0 0 0 O
5 |-1 0 0 0
L_00—10
0 1 0 O
0 0 0 O

Here and below, ¢ stands for transposition.

This matrix Stlickelberg equation can be extended to the
Riemannian space-time in accordance with the known pro-
cedure. To this end, for any given metric g, 5(x) we should
take the certain tetrad:

Gap(x) = e(a)a(m), n“b = diag(1,—-1,-1,-1),

then the equation (1) should have the structure

[Fa(z) <aia + za(g;)> - 4 U(z)=0. (2
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Local matrices I'“(z) and their blocks are determined with
the use of the tetrad

0 =Gy, 0
I%(z) = e (2)T? = [ A%, 0 Kef,
0 L%®

The connection X, (x) is defined by the formulas

0 0 0
J® =10 Je* 0 ,
0 o0 Jg

1
Ba () = 5y (D)ewpialz) =

0 0 0
=0 (Z1)a 0 ,
0 0 (32)a

1 a
1(2) =3I ey (@ewpiale),

1 a
() = 3JG) ey (@)ewpal2),

where .](alb) and J(“zb) designate generators for vector Wy, (x)

and antisymmetric tensor W, | (z), respectively. Equation
(2) may be presented with the use of the Ricci rotation coef-
ficients

c a 0 1 ab
{F (e(c)axa + iJ %bc> - u] U(z)=0. (3

Recall that jqp)c = —V[ba)e = e(b)pgef’a)e‘(fc). In detailed
form, Eq. (3) reads

1
[—Gce(o;)aa - GIE 2%bc] Hy —puH =0,

1
A%el Do H+ [Kceg;)aa + K8 2%4 Hy—pH, =0,

Cc_ C 7Q 1
|:L e(c)aa + L J(lb)2fyab0:| H1 — [J,HQ =0.
Let us consider the Stiickelberg equation in presence of

the external uniform magnetic field. In cylindrical coordinates
with the use of the diagonal tetrad

= (t,r,¢,2), dS*=dt® —dr? — r’d¢* — dz?,

the above equation takes the form (let e B = B):

0.2 12
FO%+F1§+F26¢+2BTT/2+J +
0
= —pu|¥=0.
+ 0z

In block form, it reads

9 o  L1[/0 iB?
_ = 1~ 22 ¥ 212 )
[Gat o Gr(8¢+2+‘71>

—GSaaZ] H1 - [J,H = O,

) B
(VU 1Y
[A 5 A

. 2
+ AQ% <a¢+ ZB; ) +A3§J H+

9 9 O + iBr? Jr‘7-12
_ Kli K2 2 1
ot + or + r +

KO

+

0
+ KS(?Z:| Hy = ,quv

Dy + B2 4 12

lLOa+L18+L2 +

ot or

)
+ L3az] H, = puH,.

2. Cyclic basis

In the following, it will be convenient to apply the cyclic
basis (all quantities referring to it are marked by the overline).
In such a basis, the generators ji2 and 53?2 are diagonal. The
necessary transformation H; = U H; is determined by the
matrix U :

1 0 0 O
1 i
g | v v 0
0 0 0o 11
1 1
oﬁﬁo
1 0 0 0
1 1
v |V e Y
0 —75 0 —7 0
o O 1 0

Correspondingly, the generators for tensor representation are
defined by the rule

j{lb — UjabUil,

Let us transform the generators to cyclic form

jgb:5ab®f+f®;ab.

0 0 00
5 [0 =i 0 0
=10 0o o ol
0 0 0 i
-1 -
.0 -
e
S0

—1
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We should also transform the main matrices I'* of the equa-
tion to the cyclic form. Starting with the formulas

I:I = H7 El = ClHla (Cl = U)7
Hy =U®UHy = CyHs,

we derive the rule

0 -Gr
Ar 0 Ko =
0 L 0
0 —Ggecyt 0
= | C,A° 0 C1KeCy?
0 CyLecyt 0
First, we find the matrices A¢ = C;A® and G* =
GaC'l_lz

_ _ 1 1\*
A% =(1,0,0,0)t, A!= (0,—,0, >
. . t

A%=@w%aj9, A% =(0,0,1,0)%

_ _ 1 1

GO = 1707030 ) Gl = <07 703_) )
( ) 7 7

G? = (0,\}5,0, é) G3 = (0,0,—1,0).

Having in mind the formula for C'1, we can derive expressions
for 6-dimensional transformation for Cl:

U®U:>CQ, E2202H2:>

1 )
-5 75 0 0 0 0
0 0 1 0 0 0
1 i
e I T
0 0 O -5 0
0 0 0 0 0 =2
i 1
0 0 O N R 0
1 1
~7 0 7z 0 0 0
~7 0 -5 0 0 0
o1 = 0 1 0 0 0 0
2 = i i
0 0 0 ? 0 _ﬁ
0 0 0 7 0 7
0 0 0 0 —: 0
With the use of them we can obtain all other blocks in cyclic
form:
0 O 0 0 0 O
~0 -1 0 0O 0 0 O
=10 -1 0 00 0]
0 0 -1 000
1 1
75 0 ~ 75 0 (1) 0
Rl 0 0 0 01 7 0l ,
0 0 0 -~ (1) -~
0 0 0 0 7 0

S0 5 0 0
I_@:ooo?—ﬁ
00 0 & 0 -
000 0 -
0 -1 000 0

. (o 0 00 0 -1
=10 0 000 o0
00 010 0
0100
0010

o o001
L"=10 0 0 ol
000 0
000 0

1
L 0 0 o0
O 0 0 0
1

a_ |00 o
=1 o 0—%0
o +~ o <L
v Yown

0 0 —L 0

~ 00 0
0 0 0 0
EZZ_ﬁO oi 0
o 0 -5 0
3 3
0 % 0 -5

0 0 X 0

0 0 00

1 0 00

& 1o 0o 0o
L'=19 0 01
0 0 00

0 -1 0 0

3. Separating the variables

We apply the following substitution for the wave function

(in cyclic basis)

After a simple calculation we derive the system of 11 equa-

H
U = e—ieteimcj)eikz Hl
Hy
ho(r)
_ ()| g _
o hz(’l“) ’ 2=
hs(r)

tions. With the use of notations

d m+ Br?/2
Am = 7T Om+1 =
dr r
Br2/2
b, = LomEBr2
dr r

dr

d m—1+DBr?/2

dr

Sl ©

r

r
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it reads
—iehg — ikho + by,—1h1 — ammi1hs = —ph,
—ieh —1kFEy 4+ by—1F1 — amy1F3 = pho,
—amh + ami1Bo —ikBs + i€y = phq,
tkh + i€Ey — amy1B1 — byy—1Bs = pha,
byh + by Bs + ik By + icEs = phs,
—ikhg — iehg = pFs,
—bha +ikhs = By,

amho — iﬁhl = /j,El,
—bmho — iehy = ks,
by—1h1 + ami1hs = pBa, —ikhy — ayho = pB3.

4. The Fedorov-Gronskiy method

We will apply the Fedorov-Gronskiy method [21]. To this
end, let us consider the third projection of 11-dimensional spin
operator Y = —i.J'2. We verify that it satisfies the minimal
cubic equation, Y (Y — 1)(Y + 1) = 0. This permits us to
introduce three projective operators

1 1
P = §Y(Yf 1), P, = §Y(Y+1), Ps=1-Y?

with the properties P§ = Py, P2, = Pyy, P2, = P,
P0+P+1+P71 = 1.
Therefore, the complete wave function may be decom-
posed into the sum of three parts
U=Uyg+Vy +¥_ 4,
V,=F,¥, o=0,+1,-1.

We can readily find an explicit form of them (according to the
Fedorov-Gronskiy method, each projective part should be de-
termined by only one function)

\P1<T) = (0,0,hl,0,0,El,0,0,0,0, B3)tf1(r>a
\IIQ(T) = (07070707h3707 07E37B17070)tf2(’r)7
‘113(T) = (h’h0707h270a0>E270705 BZ»O)t.f?)(r)'

Applying the projective operators to the system of 11 equa-
tions, P;(A10x10¥) = 0, we obtain

for P;
—amh + a; By — ikBs + ieFE1 = phq,
amho — ichy = pkn,
—ikhy — apmho = uBs;
for Ps
bmh + by, Ba + ikBy + ieE5 = phs,
—bmho — iehs = pFs,
—bmho +ikhs = uBy;
for P3
—iehg — tkha + by,—1h1 — apm41hs = ph,
—teh —1kEy + b1 E1 — amy1 B3 = pho,

ikh + iEEQ - am+1B1 - bm,133 = ,uhg,
—ikho — iéhg = IMEQ,
bp—1h1 + amy1hs = pBs.

Besides, in accordance with the Fedorov-Gronskiy method,
we impose the first order constraints which permit us to
transform all differential equations into algebraic ones:

for P,

— am f3(r)h + am f3(r)By — ik f1(r)Bs+
+iefi(r)Er = pfi(r)h1 = amf3 = C1fi,

am fa(r)ho —iefi1(r)h; =
= ufi(r)Ey = amfs = Cifi,

— ik fi(r)hi — am f3(r)he =
= /j,fl(T)Bg = amf3 = leh
for Py

bin f3(r)h + bm f3(7) B2 + ik f2(r) B+
+iefa(r) Bz = pufa(r)hs = by fz = Ca fa,

— b f3(r)ho — iefa(r)hs =
= pfa(r)Es = by, f3 = Ca fa,

— b f3(r)he + ik fo(r)hg =
= pufa(r)Br = by f3 = Cafa,
for P3

— iéfg (T’)ho — Zkfg(?")hg + bmflfl (T)hl—
—bm_1f1(r)hs = pf3(r)h = b1 f1 = C3f3,

—idefz(r)h — ik f3(r)E2 + bym—1f1(r)E1—
— amy1f2(r)E3 = pfz(r)ho =
= bm—1/1 = C3f3, ami1f2 = C4fs,

ik f3(r)h =ief3(r)Ea — amy1fa(r)Br—
—by—1f1(r)Bs = pfs(r)ha =
= bm-1/1 =C3f3, ami1fo=Cufs,

—ikf3(r)ho —iefs3(r)ha = pfs3(r) B,
bin—1f1(r)h1 + amy1 f2(r)hs = pfs(r) B2 =
= bm—1/1 =Csf3, amt1f2 = Cafs.
Thus, we have derived the algebraic equations
—C1h + C1By — ikBs + ieEy = ph,
Ci1hg —iehy = uFE1, —ikhy — Ci1he = uBsg,
Coh + Cy By + ikB1 + ieE3 = phg,
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—Cohg — iehs = uFE3, —Coho + ikhs = uBy, @) < > 1d B*?

PR _|_ o
2
—iehg — ikho + C3hy — C3hs = uh, dr rdr 4

(m —1)? 2
—ieh — ikEy + C3Ey — C4F3 = pho, 3 - Bm —C7 ) f1 =0,
ikh + iEEQ - C4Bl - Cng = ,Lbhg,
2 2.2
—ikho — ’iehg = MEQ, Cghl + C4h3 = ,uBg, (3) i + li — Br —
. . dr? =~ rdr 4
and have the following constraints 9
—M—B —02—1—23 fa=0
bm—1f1(r) = Csf3(r), amf3(r) = Cifa(r), ) 2 m=] 2 =0

@ +1f2(r) 4f3(r) fg(T) ZfQ(T) Let B — C’f = X, then these equations are written in a
From Egs. (4) we derive the second order equations for sep- more symmetrical form
arate functions: " a2 . 1d B22 ;2

bm—1am f3 = C1Csf3, ambm-1f1 = C1C3f1, dr?  rdr 4 r2

Umy1bm f3 = CoCyfz,  bnamirfo = CoC4fo.

Evidently, within these pairs we canset C3 = Cy, Cy = Cs.
Therefore, the differential constraints and second order equa-

. -1 2
tions take on the form 7(7”742 ) — B(m+1) +X> f1=0,
bm—1f1(r) = Cifs, amfs=Cifi,

d 1d B*»?
2) (2 4y 22
@) <dr2 o 4

amy1fa(r) = Cafs, by fz = Cofo; 2 1d B2
; , @ (Gt 1
[bm—1am — C1]f3 =0, [ambm—1 — Ci]f1 =0, ) dr rdr 4
2
(am1bm = C31fs =0, Bmamss — C31f2 =0. S Bn- 1+ X) =0,
In explicit form, Egs. (5) read ,
2 With the new variable z = Bg , they take on the form

d? n 1d B%r?2 m
dr2 = rdr 4 72

2 1d 1 (m/2)?

1 — - -
) (1) [de trdr 1 x?
—Bm+B—-C7 |fs=0,

(d2+1d B%r?  (m —1)?
ar? " rdr 4 2
e " 2 1d 1 [(m-1)/2>
@ \omtom 1 2 T
—Bm—C%)fl—O, dx rdxr 4 x
L/ m+1 X fL=0
&£ 1d_BW om AN VAR
dr?  rdr 4 72
2 1d 1 [m+1)/2?
—Bm—B—@)ﬁ:a @)bﬁ+xm_4_fl+
) 5 o ) 1 m—-—1 X _
& 1d By (m+1)7 2"z tag)| R0
dr? = rdr 4 r?

It is sufficient to consider only the first equation in detail. Let
us search for solutions in the form f3(z) = z4e“*F(z),

— —_— 2 pr—
Bm CQ) f2=0. then we readily obtain

So we get the following identity C2 = C? — 2B and only
three different equations:

a2 1d B2 m2 m X < B 1)}
(=" +C——+ =s+z(C°—- || F=0.
(1) <d7“2 +rdr 4 72 2 2B 4

2 2
2P+ (2A4+1+42Cx)F' + {A(mﬂ) +2AC+
x

Let us impose restrictions

Bm+BC’12)f3:O, \ )
A2 — (m/2)? =0= A= +|m/2|,
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1 1

C?——=0=C++_.
4 + 2

In order to have the equations referring to bound the states,

we should assume

1
C=—-.
2
This results in the equation of a confluent hypergeometric

type

A= tm/2],

+m 1 X

F gy (ImlEm L X
zF"4+(Im|+1—x) < 5 t35 35 0
with parameters

Cml+m 1 X

2 2 2B’
c=1|m|+1, F=®(a,c ).
The polynomial condition @ = —n leads to
1
(3) = X =+42B <|m|2+m+2+n1) >0,
ni :0,1,2,....

The following solutions correspond to this spectrum

3) f3(z) =
Fl(x)

Two other equations give similar results. Thus, we have

+| a:/ZFl( )

= ®(—ny, |m| +1,2).

(3) fs(z) = ot ~o2Fy (),
F3(x) = ®(—nq, |m| + 1, 2),
1
X—2B<|m|+m++n1>>B,
2 2
713:0,1,2,...
(6)
Im—1|
(1) fi(z) =at 72 2(T),
Fl(x):q)(_n27|m_l|+lax)»
-1 1 1
xoop(lmzllEmsl 1 NS B,
2 2
ng =0,1,2, ...
(7
ma1l
(2) fo(z) =™ 2 272 F3(a),
FQ(.I) = <I>(—n3, |m—|— 1| + 1,$),
1 -1 1
Xoop(mtltm=-1 1 N.p
2 2
n2:0,1,2,...
(8)

The quantity X in all three cases (6)-(8) should be the
same which assumes existence of some correlations within

n — 1,n9,n3. Bellow we will apply the simplest quantiza-
tion rule

1
X = 2BN >0, N—<m|2+m+2+n>
N=L13 .
272

5. Solving the algebraic system

Let us turn to the algebraic equations
—iehg — ikho + C3hy — C3hs = —puh,
—ieh —ikEy + C3Ey — CyE3 = phy,
—C1h 4+ C1By — ikBs + icEy = phy,

itkh + ieEy — Cy By — C3bs = piha,
Coh + CoBy + ik By + ieEs = uhs,

Ci1hg —iehy = uFEq, —ikho —ichy = puFs,
—Cyhg —iehg = pFEs, —Cshg +ikhs = ubB,
Cshy + Cyhs = uBy, —ikhy — C1he = uBs.

Recall that
Cy=Cs=VX - B, Cy=Cy=VX+B.

We can present the above system in the matrix form AV = 0.
As its determinant vanishes we get the equation

B2 42— 2X — ) [432(51@2 F 22X Bt

+B(—k* =2 12X +€2)(2V X2 — B2— k> — 2 +€*)—

(- 2X — 62)2(\/)(2 " B2 k24

4 X+ ez)} —0.
This equation is factorized, Py = P> Py :
2 —2X-E=0=ée— 2=k -2X.

The second equation with the use of the quantity W = €2 —
k? reads as follows

—W3+W2(—\/m+B+u27
+W[2B(\/M—;ﬁ+x)—
~2X — %) (2V/X2 = B2 + i+ 4X) + 10B2| +
+(2X—u2)[3(2 X?—B?—;ﬁ)—

—(2X — p? (\/ — B2 4 p? +X)+2BQ}—0

With dimensionless variables
w
) = w,
7]

5X) n

— =, —Q:b,ﬁzﬂ,
1% H
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it takes on the form

w?— w(—Va? =0 b1 5e) -
(V1 4)-
~2e = 1)(2V/22 =82+ 1+ dz) + 1062+
+(1—20) [p(2V/a2 =02 1)+

(- 2:0)(\/352 B2+ a:) + Qbﬂ —0.

Its analytical solutions are found straightforwardly, but they
are helpless. By this reason, let us study its solutions numer-
ically.

Recall that x = 2bN. First let us consider the simple
casew = 1—2x =1—4bN,1—2x > 0. For several typ-
ical examples we find the roots for w (physically interpretable
are only positive ones):

b= 0.01(0.98,0.94, 0.9, 0.86,0.82, 0.78,0.74, 0.7)",
b= 0.05(0.9,0.7,0.5,0.3,0.1, —0.1, —0.3, —0.5)",

b=0.1(0.8,0.4,0., —0.4, —0.8, —1.2, —1.6, —2)".

Now let us examine three roots of the third order equation:

b =0.001

b=0.01

-1
—1.00483
—1.0089
—1.01293
—1.01695
—1.02096
—1.02496
—1.02897

—1.0002
—1.04858

—1.0893

—1.1296
—1.16977
—1.20988
—1.24996

—1.29002

0.996002
0.992007
0.988011
0.984015
0.980019
0.976023
0.972027
0.968031

0.960204
0.920701
0.88113
0.841564
0.802008
0.762461
0.722926
0.683403

1.
0.995996
0.991992
0.987988
0.983984

0.97998
0.975976
0.971972

1.
0.959595
0.919181
0.878757
0.838324
0.797879
0.757423
0.716955

76

—1.00554
—1.25012
—1.45486
—1.65743
—1.85931
—2.06088
—226227
—2.46357

0.805539
0.619508
0.433263
0.249873
0.0735313
—0.0934233 — 0.0312522¢
—0.2929 — 0.0548385:
—0.49238 — 0.0709556%

b=0.05

1

0.78919

0.576651

0.361149

0.138565

—0.0934233 + 0.03125221

—0.2929 4 0.0548385:
—0.49238 + 0.07095561

In the second case, we can see only two positive roots. In
total, we have 3 physically interpretable roots and the corre-
sponding energy series.

Conclusion

For better understanding of the problem, we will consider
the nonrelativistic approximation for this model in a separate
paper.
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